
 

PROPRIETARY MATERIAL. Copyright © 2015 McGraw-Hill Education. This is proprietary material solely for authorized instructor use. 
Not authorized for sale or distribution in any manner. This document may not be copied, scanned, duplicated, forwarded, distributed, or posted 
on a website, in whole or part. 

1373 

 

B

A

y

L

P

x

 

PROBLEM 9.1 

For the loading shown, determine (a) the equation of the elastic 
curve for the cantilever beam AB, (b) the deflection at the free end, 
(c) the slope at the free end. 

 

SOLUTION 

 0: ( ) 0JM M P L x       

 ( )M P L x    

 
2

2 ( )d yEI P L x PL Px
dx

       

 2
1

1
2

dyEI PLx Px C
dx

     

 1 10,  0 : 0 0 0 0         

dyx C C
dx

 

 2 3
1 2

1 1
2 6

EIy PLx Px C x C      

 2 2[ 0, 0] : 0 0 0 0 0       x y C C  

(a) Elastic curve.  
2

(3 )
6
Pxy L x
EI

     

 (2 )
2

dy Px L x
dx EI

    

(b) at .y x L  
2 3

(3 )
6 3B
PL PLy L L
EI EI

      
3

3B
PLy
EI

    

(c) at .dy x L
dx
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2 2B

dy PL PLL L
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PROBLEM 9.8 

For the beam and loading shown, determine (a) the equation of the 
elastic curve for portion AB of the beam, (b) the slope at A, (c) the 
slope at B. 

 

SOLUTION 

 Using free body ABC, 

[ 0, 0] x y [ , 0] x L y  
 

0: ( ) ( ) 0
2 4

           
   

B A
L LM R L wL wL  

 1
4

AR wL 

 For portion AB, (0 ) x L  

 
 

0: ( ) 0
2

      
 

J A
xM M R x wx  

 21 1
4 2

 M wLx wx  

 
2

2
2

1 1
4 2

 
d yEI wLx wx
dx

 

 2 3
1

1 1
8 6

  
dyEI wLx wx C
dx

 

 3 4
1 2

1 1
24 24

   EIy wLx wx C x C  

 2[ 0, 0]: 0 0 0 0     x y C 2 0C  

 4 4
1 1

1 1[ , 0]: 0 0 0 0
24 24

       x L y wL wL C L C  

(a) Elastic curve (0 ).x L   3 4( )
24

wy Lx x
EI

    

 2 3(3 4 )
24

 
dy w Lx x
dx EI

 

(b)  at 0.dy x
dx

  0
A

dy
dx

 0 A   

(c)  at .dy x L
dx

  
3

24
 

B

dy wL
dx EI

 
3

24
 B

wL
EI
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PROBLEM 9.  

Knowing that beam AB is an S200 27.4×  rolled shape and that 

0 60 kN/m,w =  2.7 m,L =  and 200 GPa,E =  determine (a) the 
slope at A, (b) the deflection at C. 

 

SOLUTION 

 Use symmetry boundary conditions at C. 

 Using free body ACB and symmetry,  

 0
1

4A BR R w L= =  

 For 0
2

L
x< <  02w x

w
L

=  

  0

2
2 20 0

2 30

2

1

4

1 1

4 3

A

M

w xdV
w

dx L

w x wdM
V R L x

dx L L

w
M L x x C

L

= − = −

 = = − + = − 
 

 = − + 
 

 

 But 0 at 0;M x= =  hence 0MC =  

 

2
2 30
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2 2 40
1

1 1

4 3

1 1

8 12

d y w
EI L x x

Ldx

dy w
EI L x x C

dx L

 = − 
 

 = − + 
 

 

 0 :
2,

L dy
x

dx

 = = 
 

 4 40
1

1 1
0 0

32 192
 = − + = 
 

w
L L C

L
 3

1 0
5

192
C w L= −  

 2 3 5 30
0 2

1 1 5

24 120 192

w
EIy L x x w L x C

L
 = − − + 
 

 

 [ 0, 0]:x y= =  20 0 0 0 C= − + +  2 0C =  
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PROBLEM 9.14  (Continued) 

 

Data: 3
0

9

310 10 N m,
2.4 m,
0.5 m,

200 10 Pa

  





 

M
L
a

E

 

 

6 4

6 4

6 2

301 10 mm

301 10 m

60.2 10 N m



 

 

  

I

EI

 

 

3
2 2

6

3

310 10 [(2.4) (4)(0.5) ]
(8)(60.2 10 )

3.06 10


  



  

Cy
 

  3.06 mm Cy   
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W310 � 38.7

PROBLEM 9.15 

For the beam and loading shown, knowing that 2 m,a   
50 kN/m,w   and 200 GPa,E   determine (a) the slope at 

support A, (b) the deflection at point C. 

 

 

SOLUTION 

 Using ACB as a free body and noting that 3 ,L a  

 0: ( ) 0
2

     
 

A B
aM R L wa  

 [ 0, 0] [ , 0]
[ , ]

,

x y x L y
x a y y

dy dyx a
dx dx

   

 

    

 1( )
2 6B
aR wa wa
L

   

 50: 0
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     y A B AF R R wa R wa  
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 0:JM   
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xM R x wx     
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2
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2
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PROBLEM 9.15  (Continued) 

 

 

2 3 2
1 3

2 3 2 3
3 1 1

1 1 1, (2 )
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1 1 1 7(2 )
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A B
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3
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6 24 6 12 24
25
72

A BC a R a wa R a wa a wa

C wa

      

 
 

For 3 4 3

2 3 3

5 1 250 ,
36 24 72
5 1 25

12 6 72

x a EIy wax wx wa x

dyEI wax wx wa
dx

    

  

 

Data:  3 9

6 4 6 4 6 2

50 10 N/m, 2 m, 200 10 Pa

84.9 10 mm 84.9 10 m , 16.98 10 N m

    

      

w a E

I EI

 

(a) Slope at x  0. 

 

6 3 3

3

2516.98 10 0 0 (50 10 )(2)
72

8.18 10

A

A
A

dy
dx

dy
dx

 

    

     38.18 10 radA
    

(b) Deflection at x  2 m. 

 

4 4 4 4

6 3 4 3

5 1 25 1
36 24 72 4

116.98 10 (50 10 )(2) 11.78 10 m
4

C

C C

EIy wa wa wa wa

y y 

    

        11.78 mmCy     
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PP PROBLEM 9.16 

Knowing that beam AE is an S200 27.4  rolled shape and that 
17.5 kN, 2.5 m, 0.8 mP L a    and 200 GPa,E   determine  

(a) the equation of the elastic curve for portion BD, (b) the deflection at 
the center C of the beam. 

 

SOLUTION 

Consider portion ABC only. Apply symmetry about C. 

Reactions: A ER R P   

Boundary conditions: [ 0, 0], [ , ], , , , 0
2

dy dy L dyx y x a y y x a x
dx dx dx

                
 

 

0 x a   
2

2
d yEI M Px
dx

   

2
1

1
2

dyEI Px C
dx

   (1) 

3
1 2

1
6

EIy Px C x C    (2) 

2[ 0, 0] 0x y C     

a x L a    
2

2

3

2
3 4

1
2

d yEI M Pa
dx

dyEI Pax C
dx

EIy Pax C x C

 

 

  

 

3
1, 0

2 2
L dyx C PaL

dx
       

 

 

,
2
L dy dyx

dx dx
    

 2 2
1

1 1
2 2

Pa C Pa PaL    2
1

1 1
2 2

C Pa PaL   

,
2
Lx y y    

 3 21 1
6 2

Pa Pa
1
2

PaL 31
2

a Pa
 

 
 

21
2

Pa 4L C  

 3
4

1
6

C Pa  

(a) Elastic curve for portion BD. 
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1 1
2

y Pax C x C
EI

    
 

 

 2 31 1 1
2 2 6

Py ax aLx a
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PROBLEM 9.20 

For the beam and loading shown, determine the reaction at the 
roller support. 

 

SOLUTION 

Reactions are statically indeterminate. 

Boundary conditions are shown above. 

Using free body AJ, 

 0

0

0: 0J A

A

M M R x M
M R x M

    

 
 

 
2

02

2
0 1

1
2

A

A

d yEI R x M
dx

dyEI R x M x C
dx

 

  

 

 2
0 1

1, 0 0
2 A

dyx L R L M L C
dx

       
 

 2
1 0

1
2 AC M L R L   

 3 3
0 1 2

1 1
6 2AEIy R x M x C x C     

 2[ 0, 0] 0x y C    

 3 2 2
0 0

1 1 1[ , 0] 0 0
6 2 2A Ax L y R L M L M L R L L        

 
 03

2A
MR
L
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[ 0, 0] [ , 0]

0, 0

x y x L y

dyx
dx

   

    

PROBLEM 9.21 

For the beam and loading shown, determine the reaction at 
the roller support. 

 

SOLUTION 

Reactions are statically indeterminate. 

Boundary conditions are shown above. 

Using free body JB, 

 0
1 20: ( ) ( ) ( )
2 3J BM M R L x w L x L x         

 01 1( ) ( ) 0
2 3

w x L x L x
L

     

 

2 20

3 2 2 2 2 30

3 2 30

( ) [2 ( ) ( ) ]
6

( ) [2 4 2 2 ]
6

( ) ( 3 2 )
6

B

B

B

wM R L x L L x x L x
L

wR L x L L x Lx xL Lx x
L

wR L x x L x L
L

     

       

    

 

 

2
3 2 30

2

2 4 2 2 30
1

2 3 5 2 3 3 20
1 2

( ) ( 3 2 )
6

1 1 3 2
2 6 4 2

1 1 1 1
2 6 6 20 2

    

           
   

            
   

B

B

B

d y wEI R L x x L x L
Ldx

dy wEI R Lx x x L x L x C
dx L

wEIy R Lx x x L x L x C x C
L

 

 
2

1

[ 0, 0] 0

0, 0 0

x y C

dyx C
dx

   

      

 

 
4

3 01 1 1 1[ , 0] 0 1
2 6 6 20 2B

w Lx L y R L             
   

 

 0
1 1 11
3 6 20BR w L     

  
 0

11
40BR w L   
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PROBLEM 9.25  (Continued) 

 

 10, 0 0 0 0dyx C
dx

       
 1 0C   

   20, 0 0 0 0 0x y C       2 0C   

 ,
2
L dy dyx

dx dx
    

 

 2 2
3

1 1 1 10 0
2 8 2 8

     A A A AM L R L M L R L C  3 0C   

 ,
2
Lx y y    

 

 2 3 2 3
4

1 1 1 10 0 0 0
8 48 8 48A A A AM L R L M L R L C         4 0C   

 [ , 0]x L y   

 

2 3 3

3 3 3

1 1 1 0 0 0
2 6 48
1 1 1 1( ) 0
2 2 6 48

A A

B B

M L R L PL

R L P L P R L PL

    

      
 

 5
16BR P    
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16AR P P   7

16AR P   

 5 1
16 2AM PL PL   3

16AM PL    

 5
2 16 2C B
L LM R P         

    
 5

32CM PL   

 0BM    

 
Bending moment diagram 
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0, 0

x y x L y

dyx
dx

   

    

PROBLEM 9.26 

Determine the reaction at the roller support and draw the 
bending moment diagram for the beam and loading shown. 

 

SOLUTION 

Reactions are statically indeterminate. 

 0: 0y A B A BF R R R R       

 0 00: 0A A B A BM M M R L M R L M         

 0
2
Lx   

 0B A B BM R x M M R L R x       

 

2

02

2
0 1

2 2 3
0 1 2
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1
2

1 1 1
2 2 6

   

      
 

       
 

B

B

B

d yEI M R L x
dx

dyEI M x R Lx x C
dx

EIy M x R Lx x C x C

 

 
2
L x L   

 ( )BM R L x   

 

2

2

2
3

2 3
3 4
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1
2

1 1
2 6

B

B

B

d yEI R L x
dx

dyEI R Lx x C
dx

EIy R Lx x C x C
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PROBLEM 9.26  (Continued) 

 

 10, 0 0 0 0dyx C
dx

       
 1 0C   

 2[ 0, 0] 0 0 0 0x y C       2 0C   
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2
L dy dyx

dx dx
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2 21 1

2 6BR L L   
 

0
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2
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2
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 3 3 20
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9 1
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1
8AM M   
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8 16C

MM M M
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7
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0
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L M LM R L M
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PROBLEM 9.27 

Determine the reaction at the roller support and draw the bending moment 
diagram for the beam and loading shown. 

 

SOLUTION 

 Reactions are statically indeterminate. 

 0
2

 
Lx  

 
2

2   A
d yEI M R x
dx

 (1) 

 2
1

1
2

 A
dyEI R x C
dx

 (2) 

 3
1 2

1
6

  AEIy R x C x C  (3) 
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1 2 1 0
2 2 2 3 2

J

A

M

w L L LR x x x x M
L

 

              
    

 

 
32

0
2

1
3 2

     
 

A
d y w LEI M R x x

Ldx
 (4) 

 
4

2 0
3

1 1
2 12 2

     
 

A
dy w LEI R x x C
dx L

 (5) 

 
5

3 0
3 4

1 1
6 60 2A
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L
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6 2
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A
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5

3 4 30
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x y x L y
dy dyx x L
dx dx

   

         
   

 

PROBLEM 9.33 

Determine the reaction at A and draw the bending moment diagram for 
the beam and loading shown. 

 

SOLUTION 

Reactions are statically indeterminate. 

By symmetry, ;B A B AR R M M   

 0 at
2

dy Lx
dx

   

 0: 0y A BF R R wL      1
2B AR R wL     

 

Over entire beam, 21
2A AM M R x wx    

 

2
2

2

2 3
1

1 1
2 2
1 1
4 6

A

A

d yEI M wLx wx
dx

dyEI M x wLx wx C
dx

  

   

 

 1 10, 0 0 0 0 0 0dyx C C
dx

         
 

 , 0
2
L dyx

dx
    

 3 31 1 1 0 0
2 16 48AM L wL wL     

   21
12AM wL   

 2 21 1 1
12 2 2

M wL wLx wx     2[6 ( ) ]/12M w x L x L     
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PROBLEM 9.34 

Determine the reaction at A and draw the bending moment diagram for 
the beam and loading shown. 

 

SOLUTION 

 

 

 Reactions are statically indeterminate. 

 Because of symmetry, 0dy
dx

  and 0V   at .
2
Lx   

[ 0, 0] [ , 0]

0, 0 , 0

, 0
2

, 0
2

x y x L y
dy dyx x L
dx dx

Lx V

L dyx
dx

   

            

    

    

 Use portion AC of beam. 0
2
Lx   

   

 
02dV ww x

dx L
     

 
20

A
dM wV x R
dx L

     (1) 

 
2

30
2

1
3 A A

d y wEI M x R x M
Ldx

      (2) 

 
4 20

1
1 1

12 2 A A
dy wEI x R x M x C
dx L

      (3) 

 
2 3 20

1 2
1 1 1
60 6 2A A

wEIy x R x M x C x C
L
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PROBLEM 9.64  (Continued) 

 

(a) Slope at point A. at 0dy x
dx

  
 

 

  

2

3

0 0 0 0 0 161.76

161.76 kN m

161.76 3.82 10
42,400

A

A

dyEI
dx

dy
dx



        
 

  

      
 

 33.82 10 rad.A
     

(b) Deflection at midpoint C. ( at 2.4)y x   

 

3 4

3

3

79 5(2.4) (2.4) 0 0 0 (161.76)(2.4) 0
6 4

247.68 kN m
247.68 5.84 10 m

42,400

C

C

EIy

y 

            
   

  


     5.84 mmCy     
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PROBLEM 9.65 

For the cantilever beam and loading shown, determine the slope and 
deflection at the free end. 

 

SOLUTION 

 Loading I: Downward distributed load w applied to  
portion AB. 

 Case 2 of Appendix D applied to portion AB. 

 

3 2

4 4

( / 2) 1
6 48

( / 2) 1
8 128

B

B

w L wL
EI EI

w L wLy
EI EI

    

    

 

 Portion BC remains straight. 

 

3

4 4 4

1
48

1 1 7
2 128 96 384

C B

C B B

wL
EI

L wL wL wLy y
EI EI EI

 



   

          
 

 

Loading II: Counterclockwise couple 
2

24
wL  applied at C. 

Case 3 of Appendix D. 

 

2 3

2 2 4

( / 24) 1
24

( / 24) 1
2 48

C

C

wL L wL
EI EI

wL L wLy
EI EI

  

  

 

By superposition, 

 
3 31 1

48 24C C C
wL wL
EI EI

         
31

48C
wL
EI

    

 
4 47 1

384 48C C C
wL wLy y y
EI EI

       
41

384C
wLy
EI
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PROBLEM 9.80 

For the uniform beam shown, determine (a) the reaction at A, (b) the 
reaction at B. 

 

SOLUTION 

 Beam is indeterminate to first degree. Consider AR  as 
redundant and replace the given loading by loadings I, II, 
and III. 

 Loading I: Case 1 of Appendix D. 

 
3

( )
3

A
A I

R Ly
EI

  

 Loading II: Case 2 of Appendix D. 

 
4

( )
8A II
wLy
EI

   

 Loading III: Case 2 of Appendix D (portion CB). 

 

3 3

4 4

( /2) 1( )
6 48

( /2) 1( )
8 128

C III

C III

w L wL
EI EI

w L wLy
EI EI

    

 

 

 Portion AC remains straight. 

 
47( ) ( ) ( )

2 384A III C III C III
L wLy y

EI
    

Superposition and constraint: ( ) ( ) ( ) 0A A I A II A IIIy y y y     

(a) 
3 4 4 3 41 1 7 1 41 0

3 3 8 384 3 384
A AR L wL wL R L wL
EI EI EI EI EI

      41
128AR wL    

 Statics: 

(b) 41 10: 0
128 2y BF wL wL R      23

128BR wL    

 
41 1 30: 0

128 2 4B B
LM wL L wL M             

    
 27

128BM wL  
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PROBLEM 9.83 

For the beam shown, determine the reaction at B. 

 

SOLUTION 

 
Portion AC: Superposition of Cases 3 and 1 of Appendix D. 

 
2 3 2 3( /2) ( /2)

2 3 8 24
   C C C C

C
M L V L M L V Ly

EI EI EI EI
 

 
2 3( /2) ( /2)

2 2 8
    C C C C

C
M L V L M L V L

EI EI EI EI
 

Portion CB:  Superposition of Cases 3, 1, and 2 of Appendix D. 

 
2 3 4( /2) ( /2) ( /2)

2 3 8
  C C

C
M L V L w Ly

EI EI EI
 

 
2 3 4

8 24 128
  C CM L V L wL

EI EI EI
 

 
3 3( /2) ( /2) ( /2)

2 6
    C C

C
M L V L w L

EI EI EI
 

 
3 3

2 8 48
   C CM L V L wL

EI EI EI
 

Matching expressions for ,Cy  

 
2

8
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EI

3 2

24 8
C CV L M L
EI EI

 
4 4

24 128
CV L wL
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   3
32
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Matching expressions for ,C  
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2 8
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2 8
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48
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  21
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